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On the Relative Davenport Constant
MARIUSZ SKAŁBA†
The relative Davenport constant of products of two cyclic groups with respect to any element is
computed. Moreover a new interpretation is proposed and applied to produce quadratic polynomials
attaining ‘many’ successive values with a ‘small’ number of prime factors.
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1. INTRODUCTION
Let us consider a finite abelian group A and a sequence a1; : : : ; ak of its elements. It will
be called irreducible provided no sum of less than k of its distinct elements vanishes.
If in addition a1 C    C ak 6D 0, then this sequence will be called primitive. The relative
Davenport constant Da.A/, of A with respect to a 2 A is the greatest integer k with the property
that a can be written as the sum of k elements of A forming an irreducible sequence.
For a D 0 we obtain the classical Davenport constant D.A/, which has been extensively
investigated in the literature. The first motivation for considering D.A/ was given by Dav-
enport, who observed that this is the maximal number of prime ideals which can appear in
the factorization of an irreducible number in a number field, which class group is A. The
motivation for the relative version was provided in [6] and relates the number Da.A/ to the
maximal number of primes which can appear in the prime decomposition of a natural number,
uniquely representable by a binary quadratic form. Recently Davenport’s constant was applied
in [1] in order to prove that there are infinitely many Carmichael numbers.
Davenport’s constant was only computed for very special types of group, for p-groups, for
cyclic groups, and for the direct product of two cyclic groups. (See [5]. The case of the product
of two cyclic groups is also due to Krujswik, as Mann [2] pointed out.) Certain estimations
are also known for all groups (e.g. [1, 3]). The relative version was computed in [6] for the
first two types of group and in [7] for the groups Zn Zn (for all its elements). In the present
paper we compute it for all direct products of two cyclic groups. The result of our theorem
indicates that one cannot expect, in general, a simple expression for Da.A/, relating it only to
D.A/ and, for example, the order of a (compare [7]).
In addition we want to stress an important link between the classical and relative Davenport
constants. Let us fix a non-trivial element a 2 A and ask for the greatest number k such
that there exists an irreducible sequence a1; : : : ; ak with a1 D a. It is easy to observe that
k D Da.A/ C 1. Therefore the computation of the relative Davenport constants for a given
group can be viewed as the first step in the investigation of the structure of ‘long’ irreducible
sequences in A. In the second part of the paper we give an application of this point of view
to produce quadratic polynomials attaining ‘many’ consecutive values with a ‘small’ number
of prime factors—it resembles Euler’s polynomial x2 C x C 41 and is based on the classical
paper [4].
2. COMPUTATION OF THE RELATIVE DAVENPORT CONSTANT OF THE PRODUCT OF TWO
CYCLIC GROUPS
It will be useful to call two elements a; b 2 A conjugate if there exists an automorphism
of A such that .a/ D b. In such a case we obviously have Da.A/ D Db.A/.
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From now let A D Zm  Zn be the direct product of cyclic groups Zm and Zn of orders m
and n, where mjn. For any integers s; t let .s; t/ be the abbreviated form for .s mod m; t mod
n/ 2 A. As in the proof of [6, Theorem 2] we can see that any element of A is conjugate to
one of the form .x; y/, where x; y 2 N satisfy x jm and yjn. Therefore we restrict ourselves
in the formulation to such elements.
THEOREM 1. Let a D .x; y/ 2 A D Zm  Zn where x jm, yjn and d D gcd.x; y/. If d 6D m
then
Da.A/ D m C n − d − 1:
If d D m then
Da.A/ D m C n − y − 1:
It should be noted that our proof is very close to that of Olson [5]. We need some lemmas.
LEMMA 1 ([5]). Let E be the elementary abelian group of order p2 (p prime). If
g1; g2; : : : ; gs 2 E and s  3p − 2, then there exist indices 1  i1 <    < it  s with
1  t  p such that gi1 gi2    git D 1.
LEMMA 2. If d D 1 then the element a D .x; y/ is conjugate to an element of the form
.1; z/.
PROOF. We will find a unimodular matrix
(
a b
c d

such that ax C by D 1 and n
m
jc. The last
condition ensures that this matrix induces an automorphism of A. Since gcd.x; y/ D 1 the
general solution of
xa C yb D 1
is given by the following formulas
a D a0 C t y
b D b0 − t x
where a0; b0 is an arbitrarily chosen specific solution. By an appropriate choice of t 2 Z
we can reach gcd.a; n
m
/ D 1. From now a; b are fixed and we look for c; d 2 Z satisfying
ad − bc D 1 and n
m
jc. Again c D c0 C ta and the desired divisibility can be guaranteed since
gcd.a; n
m
/ D 1. 2
LEMMA 3. If m > 1 then
D.1;z/.A/ D m C n − 2:
If m D 1 and zjn then
D.1;z/.A/ D n − z:
PROOF. The equality
.m − 1/  .1; z/C .n − 1/  .0; 1/C .s; t/ D .0; 0/
with appropriately chosen s; t and the fact that the above sequence with .m−1/C.n−1/C1 D
m C n − 1 elements is irreducible gives the estimation
D.1;z/.A/  m C n − 2
The inequality in the opposite direction results from Corollary 1.1 of [5].
The second part of the lemma follows from Theorem 2 in [6]. 2
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PROOF (OF THEOREM 1). We proceed by induction on d. For d D 1 it is true by Lemma 3.
Now let us assume that d > 1 and fix a prime p dividing d. Let M1 be a subgroup of Zm , N1
a subgroup of Zn , with indices [Zm : M1] D [Zn : N1] D p. So M1; N1 are cyclic groups of
orders m1 D mp ,n1 D np respectively. The theorem is true for Q :D M1  N1 and a D .x; y/
(observe that a 2 Q) because now d1 D dp < d. We will prove that any sequence in A of the
form
a1 D a; a2; : : : ; amCn− f
cannot be primitive, where f D d for d 6D m and f D y for d D m. Now we write
m C n − f D p.m1 C n1 − f1/ D 1C .m1 C n1 − f1 − 2/C .2p − 1/
and using Lemma 1 we argue in the the same way as in the proof of Theorem 1 in [5] (the
summand 1 counts the element a). This induction step is possible because in both cases
m1 C n1 − f1 − 2  0. So we have proved
Da.A/  m C n − f − 1:
The opposite inequality follows in the case d 6D m from the following equation
a C .m − 1− d/  .1; z/C .n − 1/  .0; 1/C .s; t/ D .0; 0/
where a D d.1; z/ by Lemma 2. In the second case we consider
a C .n − 1− y/  .0; 1/C .m − 1/  .1; 0/C .1; 1/ D .0; 0/
where a D .0; y/. This finishes the proof of the theorem. 2
3. APPLICATION TO THE NUMBERS IN MO¨ LLER’S REGION
The following considerations are based mainly on the paper by Mo¨ller [4] and, in particular
cases, improve its results.
Let F D Q.p−d/ be a quadratic imaginary field, where d is a square-free natural number
and D is its discriminant. Moreover let  D 0 if d  1; 2 mod 4 and  D 1 if d  3 mod 4.
The numbers 1 and ! D 12 . C
p
D/ constitute a Z-basis of the ring OF of algebraic integers
of F . We will call the following subset of Z2
G.d/ D
n
.x; y/ 2 Z2 : 0 < y  p−D;−
2
y  x <  − 1
4
.y C /2; gcd.x; y/ D 1
o
;
the Mo¨ller region of F , where  D N .!/. The following theorem is due to Mo¨ller [4].
THEOREM 2 ([4]). If .x; y/ 2 G.d/ then x C y! 2 OF is irreducible.
As a corollary one obtains
COROLLARY 1 ([4]). If .x; y/ 2 G.d/ then
.N .x C y!//  D.Cl.OF //
where .m/ denotes the number of primes dividing m, counted with multiplicities and Cl.OF /
is the class-group of F .
If one assumes, in addition, that the number x C y! belongs to a certain prime ideal p, then
the above estimation can sometimes be improved.
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COROLLARY 2. If .x; y/ 2 G.d/ and x C y! 2 p, where p is a non-principal prime ideal
then
.N .x C y!//  D[p].Cl.OF //C 1
where [p] denotes the class of p in Cl.O f /.
PROOF. It follows from the remark given at the beginning of the paper. 2
EXAMPLE 1. Let F D Q.p−862/. Then Cl.OF / D Z8 and
G D
n
.x; y/ 2 Z2 : 0 < y  58; 0  x < 862− 1
4
y2; gcd.x; y/ D 1
o
:
If .x; y/ 2 G then by Corollary 1
.x2 C 862y2/  8:
However, with the additional assumption that x is even we obtain by Corollary 2 much more:
.x2 C 862y2/  5
Really, if x D 2x1 then
x C yp−862 D 2x1 C y
p−862 2 p
where p2 D 2 OF . By [6, Theorem 2] we have
D[p].Cl.OF // D 8− 82 D 4
and hence our assertion. In particular for y D 1 we obtain
.x2 C 862/  8 for x D 0; 1; : : : ; 861
but
.2x2 C 431/  4 for x D 0; 1; : : : ; 430:
EXAMPLE 2. Let F D Q.p−1555/. Then Cl.OF / D Z4 and
G D
n
.x; y/ 2 Z2 : 0 < y  39;− y
2
 x < 389− 1
4
.y C 1/2; gcd.x; y/ D 1
o
Hence by Corollary 1
.x; y/ 2 G H) .x2 C xy C 389y2/  4:
Assuming additionally that 2x C y is divisible by 5 we find that x2 C xy C 389y2 is also
divisible by 5 and hence similarly as above we obtain


x2 C xy C 389y2/
5

 2:
In particular for y D 1 we receive (after the substitution x D 5k C 2)
.5k2 C 5k C 79/  2 for k D 0; 1; : : : ; 77:
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